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Abstract. We establish connections between Schur parameters of the Schur class operator- 
valued functions, the corresponding simple conservative realizations, lower triangular Toeplitz 
matrices, and Krein shorted operators. By means of Schur parameters or shorted oper- 
ators for defect operators of Toeplitz matrices necessary and sufficient conditions for a 
simple conservative discrete-time system to be controllable/observable and for a completely 
non- unitary contraction to be completely non-isometric/completely non-co-isometric are ob- 
tained. For the Schur problem a characterization of central solution and uniqueness criteria 
to the solution are given in terms of shorted operators for defect operators of contractive 
Toeplitz matrices, corresponding to data. 



In this Section we briefly describe notations, the basic objects, and the main goal of this 
paper. 

1.1. Notations. In what follows the class of all continuous linear operators defined on a 
complex Hilbert space Sji and taking values in a complex Hilbert space Sj 2 is denoted by 
L(Sji,Sj 2 ) and L(fj) := L($),$)). All infinite dimensional Hilbert spaces are supposed to be 
separable. We denote by / the identity operator in a Hilbert space and by Pc the orthogonal 
projection onto the subspace (the closed linear manifold) C. The notation T\ C means the 
restriction of a linear operator T on the set C. The range and the null-space of a linear 
operator T are denoted by ranT and kerT, respectively. We use the usual symbols C, 
N, and No for the sets of complex numbers, positive integers, and nonnegative integers, 
respectively. The Schur class S($Ji,$ : ) 2 ) is the set of all function 0(A) analytic on the unit 
disk D = {A G C : |A| < 1} with values in L(£i,fj 2 ) and such that ||6(A)|| < 1 for all A G D. 
An operator T G L(S)i,S) 2 ) is said to be 

• contractive if ||T|| < 1; 



Given a contraction T G L(fh, S) 2 ), the operators D T := (I-T*T) 1 / 2 and D T , : = (I-TT*) 1 / 2 
are called the defect operators of T, and the subspaces Dt = umDx, £>t* = ran-Dy* the 
defect subspaces of T. The defect operators satisfy the following relations TDt = Dt*T, 
T*D T * = D T T*. 



1. Introduction 




T*T = I: 
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1.2. The Schur algorithm. Given a scalar Schur class function /(A), which is not a finite 
Blaschke product, define inductively 

/ (A) = /(A), / n+1 (A) = /n(A lz/" (0) -, n G N . 

A(l-/„(0)/„(A))' 

It is clear that {/„} is an infinite sequence of Schur functions called the associated functions 
and neither of its terms is a finite Blaschke product. The numbers 7„ := / n (0) are called the 
Schur parameters. Note that 

f rw 7n + A/ n+ i(A) 2 A/ n+ i(A) 

/n(A) = _ = 7n + (1 - 7n h , _ , , 7TT, " £ N . 

1 + 7nA/„+i 1 + 7 n A/ n+ i(A) 

The method of labeling / G S by its Schur parameters is known as the Schur algorithm and 
is due to I. Schur [13] . In the case when / is a finite Blaschke product of order N, the Schur 
algorithm terminates at the iV-th step, i.e., the sequence of Schur parameters {7 n }^ =0 is 
finite, |7„| < 1 for n = 0, 1, . . . , N — 1, and |7jv| = 1. 

The next theorem goes back to Shmul'yan [HJ US] and T. Constantinescu [27] (see also 
[H UHl [281 USB EI]) and plays a key role in the Schur algorithm for operator- valued functions. 

Theorem 1.1. Let QJt and 91 be Hilbert spaces and let the function 0(A) be from the Schur 
class S(9Jt, 9t). Then there exists a function Z{X) from the Schur class S(©e(o)j ®e*(o)) swc ^ 

(1.1) 6(A) = 6(0) + D Q . m Z(\)(I + e*(0)Z(A))- 1 J D e( o ) , A G D. 

The representation (11. ip of a function 0(A) from the Schur class is called the Mobius 
representation of 6(A) and the function Z(X) is called the Mobius parameter of 0(A). Clearly, 
Z(0) = and from Schwartz's lemma one obtains that 

A- 1 Z(A)GS(D e( o),2)e*(o))- 

The operator Schur's algorithm [19]. For 6 G S(9Jt, 9t) put 0o(A) = 0(A) and let Zq{\) be 
the Mobius parameter of B. Define 

T = 6(0), e a (A) = A- 1 Z (A) G S(S) ro ,Dr S ), T x = 0^0) = Z o (0). 

If Oo(A), . . . , n (A) and r , . . . , T n have been chosen, then let Z n+1 G S(Dr n , 2)r* ) be the 
Mobius parameter of B n . Put 

e n+1 (A) = a-^^+^a), r n+1 = e n+1 (o). 

The contractions T G L(£DT, 9t), T n G L(2)r»_u ®r*_ 1 )> n — 1,2,... are called the Schur 
parameters of O(A) and the function O ra G S(3)r n _ij ®r*_J is called the n — th associated 
function. Thus, 

e n (A) = r n + \D r * n <d n+1 (\)(i + Are^^A))-^^, a g d, 

and 

6 n+1 (A) ^an/J ril = A-^J/ - n (A)r;)- 1 (6 n (A) - T,,)^ 1 rran7Jr n . 
Clearly, the sequence of Schur parameters {T n } is infinite if and only if the operators T n 
are non-unitary. The sequence of Schur parameters consists of finite number of operators 
T , ri, ...,rjv if and only if T N G L(D rjv _ i; ^>r* N _ 1 ) is unitary. If T N is non-unitary but 
isometric (respect., co-isometric), then T n = G L(0, 3)r* ) (respect., T n = G L(2)r JV ,0)) 
for all n > N. The following theorem is the operator generalization of Schur's result. 
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Theorem 1.2. [T9l [27]. There is a one-to-one correspondence between the Schur class 
S(9Jt, OT) and the set of all sequences of contractions {r„}„> such that 

(i.2) r g L(m,m), r n g l^^^d^j, n > 1. 

Notice that a sequence of contractions of the form (11. 2p is called the choice sequence [26] . 



1.3. The lower triangular Toeplitz matrices. Let G be holomorphic in © operator 
valued function acting between Hilbert spaces QJt and 91 and let 

oo 

6(A) = Xn °^ A e D - °n e L(0JI, DC), n > 

?1=0 

be the Taylor expansion of G. Consider the lower triangular (analytic) Toeplitz matrix 



1.3) 



V " 

d C 

C 2 d Co ... 

C3 C*2 Ci Co 



As is well known [191 

G G S(9JT, 9T) T e G L (l 2 (ffl), Z 2 (01)) is a contraction. 

Set for n = 0, 1, . . . 

OJP+i = 9Jt © 971 © • • • © 9Jt, 9T n+1 = 9T © 0T © ■ ■ • © 0T. 



n+l 



n+1 



Clearly, if T@ is a contraction, then the operator Te, n G L (9Jl™ + , 9T 14 " ) given by the block 
operator matrix 



;i-4) 



7e,n : 



•C 

Ci Co 








C n C n _i C n _ 






C n 



is a contraction for each n. There are connections, established by T. Constantinescu 
between the Taylor coefficients {C n } n >o and Schur parameters of Q G S(9Jt, 9T). These 
connections are given by the relations 



;i.s) 



Co — r , 

C n = formula n (T , T l7 ■ ■ ■ , T n _i) + 

D r *D n ■ ■ ■ Dr^Dr^ ■ ■ ■ D Tl D To , n>\. 



Here formula n (To, Ti, ■ • • , r n __i) is a some expression, depending on r , Ti, ■ ■ ■ , r n _i. 
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Let now {Ck}^L be a sequence of operators from L(97t, 9T). Then ([121 Theorem 2.1]) 
there is a one-to-one correspondence between the set of contractions 

'C 0. 

d C 0. 

C 2 d C . 

C3 C*2 C\ Co . 



: 1 2 {M) -> / 2 (9T) 



and the set of all choice sequences T 6 L(9JT, 9T), r fe G L(2)r fc _ 1 , £>r* _ ), & = 1,.... The 
connections between {Ct} and {T k } is also given by (11.51) . The operators {r fe } can be by 
successively defined [T9J proof of Theorem 2.1], using parametrization of contractive block- 
operator matrices (see Section [2]), from the matrices 

"Co 

C\ Co 
Ci C\ 



To — Cq — Tq, Ti 



Co 
Ci 





Co 






C 



Moreover, = To, 0(A) 
PH Proposition 2.2]. Put 



E A"C n , A G 

n=0 



E>, and {Tk}k>o are the Schur parameters of 



9(A) := 0*(A), |A| < 1. 
Then 0(A) = £ A n C*. Clearly, if {r ,Pi, . . •} are the Schur parameters of 0, then {T*,ri, . . .} 

n=0 

are the Schur parameters of 0. 

1.4. The Schur problem. The following problem is called the Schur problem: 

Let 971 and 9T be Hilbert spaces. Given the operators Ck G L(9Jl, 9T) ; k — 0, 1, . . . , N, it 

is required to (a) find conditions for the existence of G S(9Jt, 9?) swc/i £/iai C , Ci, . . . , Cjv 

are the first N + 1 Taylor coefficients of Q,(h) give an explicit description of all solutions 

(if there any) to problem (a). 
The Schur problem is often called the Caratheodory or the Caratheodory-Fejer problem. 

This problem was studied in many papers, see monographs (TUSHES] and references therein. 

It is well known that the Schur problem has a solution if and only if the Toeplitz operator 

from L(9Jt 7V+1 ,9T 7V+1 ) 



;i.6) 



T N — Tjv(C , Ci, . . . , C 



N 



C 
Ci 





Co 








Cat Cn-i C 



7V-2 






C J 

T/v determine choice 



is a contraction. By means of relations (jl.5p contractions Tq,T\,. 
parameters 

To := Co, Ti G L(D ro , ® r *), . . . , T N G L(D riV _ 1 , 2) r ^ J 

If is a contraction, then operators {Ck\k=o are s& id to be the Schur sequence (31] . Let 
us formulate known conditions for a uniqueness solution to the Schur problem. 

Theorem 1.3. [T{?| Proposition 2.3]. Let the complex numbers {Ck\k=o be the Schur se- 
quence. Then the following assertions are equivalent: 
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(i) the Schur problem with data {Ck}^ =0 has a unique solution; 
ii) there exists a number r , < r < N such that \T r \ = 1; 

for some < r < N, but det D\ ^ for < p < r; 
0. 



(iii) det-D^ 

(iv) detD* N 



N 

n=0> 



Theorem 1.4. [OH Theorem 2.6]. Consider a solvable Schur problem with the data 

C ,...,C N eL(M,m). 

Then the solution is unique if and only if the corresponding choice parameters {T n } 
determined by the operator T^, satisfy the condition: one ofT n , < n < N is an isometry 
or a co-isometry. 

1.5. Simple conservative discrete time-invariant systems and their transfer func- 
tions. Here we recall some results from the theory of conservative discrete time-invariant 

systems cf. [31 [H [121 [131 1251 [Ml 



A collection 



D C 
B A 



is called the linear discrete time-invariant systems with the state space $) and the input and 
output spaces Tt and 9t, respectively. A system r is called conservative if the linear operator 



D C 
B A 



— >■ 



is unitary. The transfer function 

r (A) := D + XC(I -XA)- 1 B, AGD, 

of a conservative system r belongs to the Schur class S(Wl, 91). Conservative systems are also 
called unitary colligations and their transfer functions are called the characteristic functions 
[25] . The subspaces 

S) C T := spEE{A n BWl : n = 0, 1, . . .} and f)° T = span {A* n C*m : n = 0, 1, . . .} 

are said to be the controllable and observable subspaces of the system r, respectively. The 
system r is said to be controllable (respect., observable) if S)^. = (respect., S)° = and it 
is called minimal if r is both controllable and observable. The system r is said to be simple 
if Sj = clos{,fj£ + $)°} (the closure of the span). Two discrete time-invariant systems 



Tl 



D C- L 
B 1 A, 



and T2 



D C 2 
B 2 A 2 



are said to be unitarily similar if there exists a unitary operator U from Sji onto such 
that 

A l = U- l A 2 U, B x = U^B 2 , d = C 2 U. 

As is well known, two simple conservative systems with the same transfer function are 
unitarily similar. It is important that any function B G S(9Jt, 91) can be realized as the 
transfer function of a linear conservative and simple discrete-time system. 
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1.6. M. Krein's shorted operators. For every nonnegative bounded operator S in the 
Hilbert space H and every subspace /C C H M.G. Krein [37] defined the operator S/c by the 
relation 

S K = max{Z G L(H) : < Z < S, ran Z C K } . 
The equivalent definition 

(1-7) (5)c/,/)= inf ,{W + ¥>),/ + ¥>)}, / € "H. 

Here /C -1 := HqK. The properties of Sjc, were studied by M. Krem and by other authors (see 
[8] and references therein). is called the shorted operator (see [SJ[B]). Let the subspace 
fl be defined as follows 

Q = { f £ ran S : S 1/2 f G K } = ranS 9 S^ 2 */ 1 . 

It is proved in [37J that takes the form 

S K = S^PuS 1 ' 2 . 

Hence, ker Sjc ^ IC ± . Moreover [37] . 

(1.8) ran^ /2 = ran5 1/2 n/C. 
It follows that 

(1.9) = ^ ran5 1/2 fl /C = {0}. 

1.7. The goal of this paper. In this paper we establish connections between the Schur 
parameters of 6 G S(Wl, 91), a simple conservative realization of 6, the operators Te and 
Tq iU , and the Krem shorted operators. These connections allows to 

(1) give criterions of controllability and observability for the corresponding to simple 
conservative system in terms of Schur parameters/ Krem shorted operators [D^ e ) m 

and ( D%_ ) , 

(2) to obtain necessary and sufficient conditions for a completely non-unitary contraction 
A to be completely non-isometric or completely non-co-isometric [20] in terms of 

Schur parameters / Krein shorted operators (Df^)^, \J^t-J °f Sz-Nagy-Foias 

characteristic function \l/ of A [19] . 

(3) give a characterization of the central (maximal entropy) solution to the Schur prob- 
lem, 

(4) give a uniqueness criterion to the solution of the operator Schur problem in terms 
of the Krem shorted operators for the defect operators of the Toeplitz matrices, 
constructed from problem's data. 

The paper is organized as follows. Sections [21 [3j H] deal with additional background material 
concerning parametrization of 2 x 2 contractive and unitary block operator matrices, the 
theory of completely non-unitary contractions, defect functions of the Schur class functions, 
and conservative realization of the Schur algorithm. New results about the Krein shorted 
operators are given in Section Main results of the paper are presented in Section EJ 
Relying on the results of Sectional we prove that the Krein shorted operators { (D^ k ) m \ 971} 
forms a non-increasing sequence, where = Tk(Co,Ci, . . .Ck) are the Toeplitz operators 
constructed from the Schur sequence. We study in more detail the central solution to the 
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Schur problem and obtain a uniqueness solution criteria. The latter is closed to results of 
V.M. Adamyan, D.Z. Arov, and M.G. Krein obtained in jTJ and [2] concerning to scalar 
and operator Nehari problem [10] . These authors did not use the Krein shorted operators in 
explicit form, their approach is essentially rely on the extension theory of isometric operators. 
Different approaches to the descriptions of all solutions to the Schur problem can be found 
in [31] for finite dimensional DJl and 9T, in [191 US] for general case. The Schur problem can 
be reduced to the above mentioned Nehari problem [15J. All solutions to this problem are 
obtained in [U El (see also [UJ). 

2. Parametrization of contractive block-operator matrices 

Let fj, R, Wl and 9T be Hilbert spaces. The following theorem goes back to [TS1 ESI HE]; 
other proofs of the theorem can be found in [3 [TTJ EH E] . 

Theorem 2.1. Let A G L(ft,/C), B G L(9JT,/C) ; C G L(ft,9t), and D G L(0Jt,0T). The 

following conditions are equivalent: 

an m 



(i) the operator T 



D C 
B A 



© — > © is a contraction; 
H K. 

(ii) the operator A G L(H, /C) is a contraction and 

(2.1) B = D A «M, C = KB A , D = —KA*M + D K *XD M , 

where M G L(37t, 'Da*), K G L(£U,0T) ; and X G L(£>m,£>k*) are contractions; 

(iii) t/ie operator D G L(DJt, OT) a contraction and 

(2.2) B = FD D , C = D D »G, A = -FD*G + D F «LB G . 

where the operators F G L(2).d,/C), G G L(H, £>£>*) and L G L(lD G , are con- 

tractions. 

Moreover, if T is a contraction, then the operators K, M, and X in (12. ip and operators 
F, G, and L in (12. 2p are uniquely determined. 

Corollary 2.2. [8], [9]. Let 



T 



—KA*M + Dk*XDm KD a 
D A *M A 



D 
FD D 



B D ,G 
-FD*G + D F *LD G 



sen 

© 



or 

© 

K 



be a contraction. Then 

(1) (-D^)ot = DmDxDmPwx, (Dx*)<n = Dk*D x *Dk»P^ 

(2) (D 2 T ) H = D G D 2 L D G P m (D 2 T *) K = D F *DlD F *P K , 

(3) T is isometric if and only if 

D K D A = 0, D X D M = 0, D F D D = 0, £> L £> G = 0, 

(4) T zs co-isometric if and only if 

Dm* Da* = 0, D X .D K . = 0, D G *D D * = 0, D L *D F * = 0. 
7/T unitary, then D^* = •<=>- Z^/ = and D F * = -<=>■ -D G = 0. 

Let us give connections between the parametrization of a unitary block-operator matrix 
given by (J2U and 
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u 



Proposition 2.3. [HI Proposition 4.7]. Let 

-KA*M + D K *XD M KD A 
D A *M A 

D D D *G 
FD D -FD*G + D F ,LD G 



Wl 91 

n n 



be a unitary operator matrix. Then 

(2.3) D D = M*D A *M, T) D = ranM*, D D , = KD A K*, Q D « = mnK, 

(2.4) /- .1/7^,.. F = M\V D , G = KPv A , G* = K*\J) D ., 

(2.5) GFf = KPv A Mf, f G T) D . 

3. Completely non-unitary contractions 

A contraction A acting in a Hilbert space ft is called completely non-unitary if there 
is no nontrivial reducing subspace of A, on which A generates a unitary operator. Given a 
contraction A in Sj, then there is a canonical orthogonal decomposition [49, Theorem 1.3.2] 

&=S) ®f>i, A = A ®A U A j = A\Sj jl j = 0,l, 

where fj an d fii reduce A, the operator A is a completely non-unitary contraction, and A% 
is a unitary operator. Moreover, 



S)!= [flker^njPljflker^J. 

\n>l / \n>l / 



Since 
(3.1) 

we get 

(3.2) 



n-l 



n-1 



p| ker(D A A fc ) = ker D A n } p| ker(D A , A* k ) = ker 



fc=0 



k=0 



H ker Z^n = ©span {A* n L> A ,f), ri G N } 



n>l 



D ker £> A *™ = # span {A n D A *Sj, n G N } . 

n>l 



It follows that 

^4 is completely non-unitary 



(3.3) 
Note that 



n>l 



DkerD^ f| f)kerD A 



n>l 



{0} 



spEn{A* n D A , A m D A *, n,m eN } = $j. 



ker D A D ker .0^2 D • • • D ker D^n D • • • , 
A ker D A n c ker , n = 2, 3, . . . . 
From (13 .2p we get that the subspaces f] ker Z)^n and f] ker D A *n are invariant with respect 

n>l n>l 

to A and A*, respectively, and the operators A\ f] ker D A n and A* |~ Q ker D A *n are unilat- 

n>l n>l 

eral shifts, moreover, these operators are the maximal unilateral shifts contained in A and 
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A*, respectively [321 Theorem 1.1, Corollary 1]. By definition [22] the operator A contains 
a co-shift V if the operator A* contains the unilateral shift V*. In accordance with the 
terminology of [20], a contraction A in Sj is called completely non-isometric (c.n.i.) if there 
is no nonzero invariant subspace for A on which A is isometric. This equivalent to (see [20J) 

P| kerZV = {0}. 

n>l 

A contraction A is called completely non- co-isometric (c.n.c.-i.) if A* is completely non- 
isometric. Thus, for a completely non-unitary contraction A we have 

0} •<=>■ A is c.n.i. -<=>- A does not contain a unilateral shift, 

(3 4) n ~ l 

\ • J n w n. .._ — jo) ^4 is c.n.c.-i. A* does not contain a unilateral shift. 



P) ker-D^n 


n>l 




P) kerZ^n 


n>l 








"{ 





If 7" <I , ■ ; 3H, 91, ij j> is a conservative system, then r is simple if and only if the 
state space operator A is a completely non- unitary contraction J25J[2Q]. Moreover, 

$) C T = span {A n D A ., n G N }, Sf r = span {A* u Da, n G N }. 

Let A be a contraction in a separable Hilbert space Suppose ker Da ^ {0}. Define the 
subspaces [9] 

{#o,o := £ 
i^n.o = kerl^™, j} ,m := kerD A ™, 
■^n,m := ker/} a™ HkerD^m, m, n G N. 

Let P„ im be the orthogonal projection in onto $) n ,m- Define the contractions [9]: 

(3.6) A n ^ m . P n ^ m A\ S^) nm G li($} nri i) . 
Observe that (see [9]) the following relations are valid: 

(3.7) kexD A h m = S) n +k, m , keiD A *k m = fi n , m+k . k = 1,2,..., 

(3.8) (A n ^ m ) kl = A n +k jTn +i, 

the operators A\ S) n ^ m G L(S) n , m , fin-i,m+i) are unitary, A n _^ m \ Sj nym = A\ Sj n , m , and 

A n -x )Tn+1 Af = AA n , m f, f G fi n>m , n>l, 

i.e., the operators 

A n fi, A n _i A , . . . , A n _k^, . . . , Aq u 

are unitarily equivalent. The relation ( 13. 8 p yields the following picture for the creation of 
the operators A nm : 
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The process terminates at the iV-th step if and only if 

ker D a n = {0} kerD A N-i nker£> A » = {0} <=^> . . . 

<^=^ kerD A N-k nkerL> A * fc = {0} <^=^ . . .ker D a *n = {0}. 

The following result [49, Proposition V.4.2] is needed in the sequel. 

Theorem 3.1. Let DJI be a separable Hilbert space and let N(£), (eT, be an L(DJl)-valued 
measurable function such that < iV(£) < I. Then there exist a Hilbert space 8. and an 
outer function (p(X) G S(2Jt, J?) satisfying the following conditions: 

(1) <f*(£MO<N 2 (0 a.e. onT; 

(2) if & is a Hilbert space and ip(\) G S(9Jt, A) is such that (p*(£)ip(£) < N 2 (^) a.e. on 
T, then £*(£)£(£) < ¥>*(£M0 a.e. on T. 

Moreover, the function ip(\) is uniquely defined up to a left constant unitary factor. 

Assume that 6 G S(3Jl, 91) and denote by <pe(£) and ipe(0-> £ e ^ the °ut er functions 
which are solutions of the factorization problem described in Theorem 13.11 for iV 2 (£) = 
J — 9*(£)9(£) and iV 2 (£) = J — 9(£)9*(£), respectively. Clearly, if O(A) is inner or co-inner, 
then (p e = or tp e = 0, respectively. The functions y?e(A) and are called the right 

and left defect functions (or the spectral factors), respectively, associated with 6(A); cf. 
[IHl (2TJ 1221 [231 E2] • The following result has been established in [321 Theorem 1.1, Corollary 
1] (see also [221 Theorem 3], [231 Theorem 1.5]). 



DJt, 01, fj f 6e a simple conservative 



Theorem 3.2. Let 6 G S(3K, 01) and let r = j ^ ^ 

system with transfer function 9. T/ien 

(1) the functions if q(X) and ip&(\) take the form 

<PeW = Pn(h-*A)- 1 B, 

fo(\) = c(i Si -\A)- 1 \n m , 

where 

Q = (tfy e A(^) x , a = (^) x e A*(^)^ ; 

(2) <pe(\) = (V'e(A) = 0^ «/ and onfr/ if the system r is observable (controllable). 
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The defect functions play an essential role in the problems of the system theory, in partic- 
ular, in the problem of similarity and unitary similarity of the minimal passive systems with 
equal transfer functions [16], [17] and in the problem of optimal and (*) optimal realizations 
of the Schur function [13] 



4. Conservative realization of the Schur algorithm 
Theorem 4.1. [9J. 1) Let the system 

D D D *G 
FD D —FD*G + D F *LD G 

be conservative and simple and let be its transfer function. Suppose that the first associated 
function 0i is non-unitary constant. Then the systems 

G 



(4.1) 



Ci = < 




" GF 




LD G F 


c 2 = < 




' GF 




D G F 



are conservative and simple and their transfer functions are equal to Q\. 

2) Let 6 G S(9Jt, 9t), T = 0(0) and let ©i be the first associated function. Suppose 

Tr c 

B A 



T 



(4.2) 



Ci 

C2 



;S)r 0) 5)r*,kerZ)^ 
S)r ,S)r S ,ker D A 



is a simple conservative system with transfer function 0. Then the simple conservative 
systems 

'D r }C(D^B*)* D~}C\\exD A * 

AP kev Da D A l B P kci d a ,A\ ker D A * 
'D~}C(D-^B*Y D^}CA \ ker D A ' 
_ PlcrD A D A lB P ke 1 DA A \ ker D A 

have transfer functions ©i. Here the operators D^, L)^}, and D A l are the Moore-Penrose 
pseudo-inverses. 



Theorem 4.2. [9\. Let 6 G S(9Jl, 01) and let r 



r c 

B A 



; OJt, 9T, S) > be a simple con- 



servative realization of 6. Then for each n > 1 the unitarily equivalent simple conservative 

systems 

(4.3) 

Df}(CA n ~ k ) 



(k) 

Tn 



Ak (D^---D^(B*\fj 



1 n-l 



n,0. 



A 



n—k,k 



k = 0, 1, . . . , n 



are realizations of the n-th associated function n of the function B. Here the operator 

is the adjoint to the operator 

D-^ ■ ■ ■ (B*\Sj nfi ) G L(j5 n ,o, ©rn-J. 
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Notice that the systems , Tn^ , . . . , Tn' 1 ' are unitarily similar. In addition 



(n) 



Qo)\® _ T (k+l) 



= 0, 1, . . . , n, I = 0, . . . m. 



This property can be illustrated by the following picture 

r 



T- 



(0) 



(i) 



(o) 



-(i) 



r. 



(2) 



-(0) 



r, 



(i) 



r. 



(2) 



-(3) 



5. Some new properties of the Krein shorted operators 
The next statement is well known. 

Proposition 5.1. [5J. Let K, be a subspace in %. Then 

(1) if S\ and S 2 are nonnegative selfadjoint operators then 

(S 1 + S 2 ) K > (S 1 ) IC + (S 2 ) K ; 

(2) S 1 > S 2 > (S 1 ) IC > (S 2 ) K ; 

(3) if {S n } is a nonincreasing sequence of nonnegative bounded selfadjoint operators and 
S = s — lim S n then 

n— >oo 

s - lim (S n ) K = S K . 

n— >oo 

Let JC 1 - — %QK,. Then a bounded selfadjoint operator S has the block-matrix form 

c 

s= I • S| ; S|2 ) : © © . 



5*12 ^22 / 



It is well known (see [38]) that 

i/ie operator S is nonnegative if and only if 



(5.1) 5*22 > 0, ran S{ 2 C ranS^ 2 , Su > \S 22 ^ 2 Sl^\ y^22 1 ^ 2 ^ 

and the operator Sic is given by the block matrix 



(5.2) S, 



K 



1 1 1 rr— 1/2 q* \ / q — 1/2 \ , , 

^11 _ I ^22 ^12 J [^22 b 12 J U 

0, 
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If S 2 2 £ L(/C _L ) then the right hand side of (15.21) is of the form 

Sn — S12S22SI2 


and is called the Schur complement of the matrix S. From (15.21) it follows that 

S/c = •<=>- ran 5*2 C ranS"^ 2 and Sn = {S 2 2 l ^ 2 S* 2 J (^m^Sizj • 

Proposition 5.2. Let a bounded nonnegative self-adjoint operator S be given by 

C C 

© ->■ © 
M M 



S = 

and let JC be a subspace of C. Then 



S 
/ 



S/c — S/cPc- 

Proof. The inclusion JC C C yields 

Q := {/ G fan S : S 1/2 / G JC] = {/ G fanS : S 1/2 / G /C} C £. 

It follows that 

= S^P n S^ = SWPnSWPc = S K P C . 



□ 



Proposition 5.3. Let S be a bounded nonnegative selfadjoint operator in the Hilbert space 
%, P be an orthogonal projection in %, and let K, be a subspace in H such that JC C ran (P). 
Then 

(PSP) K > S K . 

Proof. Let f & JC. Then by ( 11. 7ft and taking into account that PJC X C JC X we get 



((PSP) K f,f)= inf {\\S^P(f + <p)\\ 2 } 

= inf (||5 1 / 2 (/ + P^)|| 2 ) = inf l||S 1 / 2 (/ + ^)| 

wG/C-L L" 11 J »/)gran ('P~)n/C ± I" 



> inf \\\S 1 ' 2 (f + <p)\\ 2 } = (S K f,f). 
Now the equalities 

(psp) c r/c x = (5^ r/c ± = o, 

yield that (PSP)^ > S K . □ 
Remark 5.4. Let S 1 > be given by a block-operator matrix 

/C JC 



S = I ^ o 12 I : © - 



•5*2 5*22 / ^ 



/c- 



and let P = P K . Then (P K SP K ) K = P K SP K = ^ °J . If S 12 ^ 0, then from (ED and 

( 15. 2 p it follows that S/c\ JC ^ Sn- Therefore, in general (PSP) K 7^ S^,- 

Theorem 5.5. Let X be a nonnegative contraction in the Hilbert space H. Assume 
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(1) there is a sequence {X n } of nonnegative contractions strongly converging to X, 

(2) there is a subspace K in % such that the sequence of operators {(I — X n )^} is non- 
increasing. 

Then 

(5.3) s - lim (I - X n ) K < (I - X) K . 

n— >oo 

Proof. We will use the equality (see [8j Theorem 2.2]) 

(5.4) (/ - X) K = P K - ((I - X^P^X^Y^X^Pk)* (I - X^P^X^Y^X^Pk. 

for a nonnegative selfadjoint contraction X in %. 

As is well-known if B is an arbitrary nonnegative selfadjoint operator, then 

l(M)| 2 f \\B- l ' 2 h\\ 2 , hexfmBW 

ID. o j sup 



96 domB\{o} (Bg,g) \ +oo, h^rimB 1 / 2 

where B~ x l 2 is the Moore-Penrose pseudo- inverse. Hence, equality ( 15. 4ft for all X n and each 
f,geH yields 



i(xy 2 p^,^)i 2 

12 lip , \^V2 1 12 



< \\P K f\\*-((I-X n ) K fJ). 



\\g\\ 2 -\\P^Xr/g\ 
Since the sequence of operators {(I — Xn)^} is non-increasing, there exists 

W := s - lim (J - X n ) K . 



Therefore 

One can prove that 
Therefore 



\{X^P E f 1 g)l 
12 lip , y 1 / 2 „\\2 



< \W\\ 2 -(wfj). 



\\g\\ 2 -\\P^Xr/g\ 
X = s - lim X„ => X l/2 = s- lim X l J 2 



\(X^P K f,g) 



2 



< \\P K f\\ 2 -(Wf,f). 



\\g\\*-\\P K xXV*g\\* 
By virtue JSSD for B = I H - X x l 2 P K xX x l 2 , we obtain 

||(J« -X^X 1 / 3 )- 1 ^ 1 / 2 ^/!! 2 < HP^/H 2 - (Wf,f). 
Now d53J) yields Q. □ 

6. Main results 

6.1. Shorted operators for defect operators of Toeplitz matrices. Let £ S(£DT, 0T) 

oo _ 

and let 6(A) = £ A n C n . Recall that by definition 9(A) := 0*(A), |A| < 1. We identify Wl 

n=0 

(9?, respectively) with the subspace 

m © {o} © {o} © ■ ■ • © {o} I m © {o} © {0} © ■ • ■ © {0} 
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in m n+l (0P +1 ), and with Wl® 0{O} 01© 0{O} in l 2 (DJl) (Z 2 (0t)) 



k=l 



k=l 



Theorem 6.1. Let G S(3Jt, 91) and let {T , I\, • • • } be the Schur parameters of O. Then 
for each n the relations 



(6.1) 


K, 


) m = Dr D ri - 


■■D r 


-1 l n J-n— 1 


• • -Dri-Dro-Rm 


(6.2) 
hold. 






n- 


Dp* D r * • 

-1 1 n i n-l 


• Dr'DrgPfri, 



Proof. Let 



9Hn := {0} © {0} © • • ■ © {0} ©9Jt, 9t n := {0} © {0} 



{0}©9L 



Clearly, the operator 
(6.3) 



So 



6,n 



... C ' 
... C d 



g l (m n+ \m n+1 ) 



.Co C\ C*2 ... C n _ 
is a contraction. The matrix Sq n we represent in the block matrix form 



Se,n 



Qn-l Bn-1 

B n _ 1 C n 



where 



Q 



n-l 



'0 






91 


© 


-»■ © 


9Jt n 




1 





C 





Se,n-2 



B n -1 



_0 C*o Ci ... C n _2_ 

-Bn-i = [Co C\ . . . C n _i] . 



Ci 



Cn-l. 



Since Se,n is a contraction, by Theorem 12.11 (see (12.21) ) we have 

B n -i = D Q * _ 1 C n _i, D^_ 1 = F^jDq^, 
C„ = — F n _ 1 Q*_ 1 C re _i + D F * i L n ^ 1 D Gn _ 1 . 

In [TU] it is proved that 

ll^_ 1 /|| 2 = ||^r;_ 1 ---i>r S /|| 2 , /GOT, 

■ ••Dr n /i|| 2 , /i G 971. 



Dq ,h\ 

I 



Therefore, 



Df*_J — Y n -iD v * n i ■ ■ ■ D T *f , / G 91, 
D^^/z = Z n ^D Vn _ x ■■■D To h, hem, 
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where Y n -\ G L(®r* _ , Q F * _ ) and Z n _i G L(£>r n _i, ®G n -i) are unitary operators. It follows 
that 

Hence 



(6.4) 



Dg^M^Dg^ = D To D Tl ■ ■ ■ D Tn _,Dl n D Tn _, ■ ■ ■ D Tl D To , 



D F * Di 



D, 



D T *D T * ■ ■ ■ D T * DLD r * ■■■D V *D V *. 



Now from Corollary 12.21 and ( 16. 4 j) it follows that 



(6.5) 



L»r 0J D ri • ■ ■ D^Z^A^ • ■ ■ D Tl D To P mn 

2 



Li 2 = £> £> . . . D D'LD r . ■■■ D v * D T * P m 



Let the operator J n e L(9Jt n+1 , 0Jt n+1 ) be given by 



... I m 
... J OT 



L I m ... 

The operator J n is selfadjoint and unitary, J„97t„ = Tt, and, clearly, 

It follows that 



ID 2 T 



This relation and f 16 . 5 ft lead to (16.1ft . Replacing 9 by we get ( 16.2ft . 

Notice that the relation Sq u = J„Tq n yields 

(6.6) fak.L =f^ffi.L = J Dr SJ Dr r -- J Dr;_ 1 ^ J Dr;_ 1 --- J Dr^r 5 P^. 



The next statement is an immediate consequence of equalities (I6.ip . (16.2ft . and (II. 8p . 

Corollary 6.2. The following conditions are equivalent: 

(i) WlCrimD Ten! 

(ii) 9t C ran£) T _ , 

(iii) operators Tq, . . . , T n have norms less than 1. 
Theorem 6.3. The equalities 

(6.7) (D 2 Te ) w = s- lim (D To D ri ---D rn _ 1 D 2 rn D rn _ 1 ---D Tl D ro )R 



(6.8) 
hold. 



D 



lim (d t .D t . ■■■D v * DLD v * ■■■D r *D r *) P<yx 



□ 
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Proof. Let P n be the orthogonal projection onto Wl n+1 in Z 2 (S0T) and let T e ri := P n T e P n . 
Then T n takes the block operator matrix form 



where 
Hence 



-6,n 



n+l\± 



T Q , n 




z 2 (9rt) e 9JT+ 1 , (or + y = z 2 (9t) e or +1 . 



4 



^ 
/ 



Since 571 C Q7T , from Proposition 15.21 it follows that 



D 



■sen = d 



an 



■sen. 



93! 



(6.9) 
In addition 

IPf e ^l| 2 = ll^e^/|| 2 + ||(/-P„)/|| 2 +||(/-Pn)TePn/|| 2 , feh(M). 



It follows that 



Using Propositions 15.11 and 15.31 we get 



(6.10) 



01! 



> (PnD 2 Te P n ) m > (Dl) 



an 



Let X = T* e T e and X n = T* n T e>n = P n T^P n T e P n , n = 1,2,.... Then X and X n are 
nonnegative selfadjoint contractions and 

s - lim X n = X, D 2 % =1- X n , D 2 Ta =I- X. 



From (16. ip and (I6.9P it follows that the sequence {D 2 ^ }^L 1 is non-increasing. Therefore, 
by Theorem 15.51 we get that 



s - lim [ D% 



On the other hand f 1 6 . 1 1) implies 



Hence 



8 - lim D% 



s - lim D% 



an 



an 



< (Dk) 



an 



>( D k) m - 



an 



an 



Now from (16. ip and (16.91) we obtain (16.71) and similarly (16. 8p . 
Notice that it is proved the equalities 

•-^K-U 9 *- rat, 



□ 



s — Hm ( D% \m= [D% 



(6.11) 

Corollary 6.4. T7ie following conditions are equivalent: 
(i) SOT C ran D T& , 



m. 
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(ii) 9T C ranL> T§ , 

(iii) all Schur parameters {Tk}^ =0 of have norms less than 1. 

Proof. Since (Dj, Q )^i\Wl < (Dr e f° r eacn n ; the condition SOT c ranl>r e implies 

SOT C ran.Dj- e „ for each n. Then equivalence of (i), (ii), (iii) follows from Corollary 16.21 □ 

Let # 2 (S0T), H 2 (m) be the Hardy spaces p]. Denote by P(SOT) (P(Vt)) the linear man- 
ifolds of all polynomial from H 2 (Wl) (# 2 (9T)) and by V n {DJl) (V n (%) the linear space of 
all polynomials of degree at most n. By P^ x (P^) we denote the orthogonal projection in 
H 2 (M) (H 2 (K)) onto V n (Wt) {V n {%). 

Theorem 6.5. Let O £ S(£DT, 9T) and let {r , r 1; • ■ ■ } be the Schur parameters of 0. Then 

mf (i / (||/ -p{t*)\\h ~ WP^Kf-Pi^Wv) dt 
p(0) = 

= || J D rnJ D r „_ 1 --- J D riJ D r J|| 2 , / £ SOT, 

inf {^} 7r (ll/-p(e i4 )|||,-||0(e^)(/-p(e^))|| 2 a )rft 
p£P(S0T) I o 
p(0) = 

= hm llDr^r^-.-Dr^rJH 2 , / £ 371, 

inf (i/fll/i-K^llgt-lli^Ce*)^-^))!^)* 
p(0) = 

= || J D r;J D r:; _ i --- J D r , J D r5 / i || 2 , fceOt, 

inf U/(||^-p(e^)|| 2 a -||0(e^)(/ i -p(e^))|| 2 Jt )dt 
p £ P n (0T) I o V > 
p(0) = 

= hm ||L>r*£>r* , - • • D r *D r *h\\ 2 , hem. 
Proof. One can easily see that 



2- 





where a = (a ,a 1 , . . .) £ / 2 (S0T), a(z) = Y,kLo a k zk e H 2 (Wl). If p(z) = p + Piz + . ..p n z n 
and p = (po,Pi, • • • ,p n ) £ S0T n+1 , then 

H^nPll^n+i = \\Pn®P\\ 2 H\Ky 

To complete the proof of the theorem we use definition (11. 7p of the shorted operator and 
equalities (jOj) . (ED , flBTTj) . and (O]) . □ 



SCHUR PARAMETERS, TOEPLITZ MATRICES, AND KREIN SHORTED OPERATORS 



19 



6.2. Schur parameters, controllability, and observability. 



Theorem 6.6. Let r 



D C 
B A 



97T, 9T, $) > be a simple conservative system with transfer 



function 0. Let {T 0l Ti, . . .} be the Schur parameters of Q. Then for each n the relations 



(6.12) 



\P n ,oBh\\ 2 = 

\P0,nC*f\\ 2 



\D rn D rn _ 1 ---D ro h\\ ,hem, 



(6.13) 
hold. 

Proof. Clearly D = Tq. The unitary operator 



D v * D r * ■■■D v *f 



few 



u 



D C 
B A 





m 


© 


->■ © 







admits the representations (see Theorem 12. ip 
U = 



KA*M + D K *XD M KD A 
D A *M A 



r d t *g 

FD To —FD*G + D F *LD G 



From Theorem 14.11 it follows Ti = GF. Equality ( 12. 5 p yields 

r a = KPv A M. 

Now taking into account that F € L(2)r , 971) is isometry and relation ( 12. 4p . for / e 27 r we 



get 



Hence 



\D T J\\ 2 = \\f\\ 2 -\\KP^ A Mf\\ 2 

= \\Mf\\ 2 -\\Pv A Mf\\ 2 = \\P lfi Mf\\ 2 . 

\D Vl D v J\\ 2 =\\P 1>Q MD V J\\ 2 , f eM. 



Because M* e L(2) rs , 9T) is an isometry from Q we have MD To = D A ,M = B. Thus 



(6.14) 



|D ri £>r /|| 2 =||P lj ofl/|| 2 J / e 371. 



By Theorem 14.21 the simple conservative system 

(0)= rr r x d-}{ca)- 

1 '\[(D r ^B*\Sj lfi )Y A 1>0 
has transfer function 0j_. Let 

= (l^ 1 (S*r«i,o))* e L(D ro ,iOi,o). 

Since the Schur parameters of Gi are {r 1; T 2 , . . .}, starting from the system and using 
the equality (.fji,o)i,o = $)2,o (see (13.71) ). we obtain similarly to (16.141) the relation 

||L>r 2 L> ri ^|| 2 = \ \P 2fi B lV \\ 2 , (p E 2) ro . 



Let us show that 
(6.15) 



BxD To = P lfi B. 
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Actually for ip G Wl and ip G i5i,o one nas 

= (^S*V) = (^,V) = (^i,oSv?,V)- 
This proves (|6.15p . Since i^2,o £h,o, we have the equalities 

P2J0B = P2,qP\,qB = P2fiB\Dr , 

which lead to 



(6.16) 



\D r2 D ri D r J\\ 2 = \\P 2fi Bf\\ 2 , feWl. 



By induction, using the equality (A n 0)1 = A n+X (see (I3.8P ). we obtain (I6.12p and similarly 

(EH- □ 

Using (13. ip . Theorem 12. 1[ and Corollary 12. 2\ we may interpret equalities (I6.12p and ( 16 . 13[) 
as follows 



inf 



inf 



n-l 



Bh-J2 A * kc * 



fk 



k=0 

n-l 



|Dr n £>rw--Pr>|| , heWl, n>l, 



C*f-J2 Ak B^k 



k=0 



D r * D T * ■■■D r *f 

i n L n-l L l) J 



, f 6 % n > 1. 



Corollary 6.7. Let G G S(9Jt, 0T) and let cpQ and ipQ be the right and the left defect functions 
of Q, respectively. Then 

(6.17) ^(0)^e(0) = s - lim (P ro D ri • ■ ■ D^D^D^ ■ ■ ■ D Tl D To ) , 

n— s-oo 

and 

(6.18) ^e(0)V£(0) = a - Hm (p> n D ri ■ ■ ■ D^ D^D^ ■ ■ ■ D rt D r *] 
where {T , r 1; . . .} are the Schur parameters of G. 



Proof. Let r 
G. Since 



D C 
B A 



; Wl, 91, S) > be a simple conservative system with transfer function 



the sequence of orthogonal projections {P n ,o} strongly converges to the orthogonal projection 
Pfi , where 

#0 := f| £n,o = M" 1 . 



n>l 



Therefore 



From fl6TT2|) it follows 



Psj Bh = lim P n ,o5/i, h G SOT. 



(6.19) 



|P flo P/i|| 2 = lim llPr^r^-.-Pr^ll 2 , /* G 0Jt. 
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The operator A\ $j is a unilateral shift, therefore D A x = for all x G Since the operator 

D C 
B A 

is unitary, the operator B is of the form B = Da*M, where M* G L(1D^»,9Jt) is isometry. 
Hence for h G DJi and x G Sjo one obtains 

(P$ Q Bh, Ax) = (D A *Mh,Ax) = (Mh, Da* Ax) = (Mh,AD A x) = 0. 

Thus, 

Pz Bh = P n Bh, heWl, 
where fl = S) ASj . Theorem 13.21 yields that PnBh = ip e (0)h and since the sequence of 
operators 

{D To D Tl ■ ■ ■ Dr^DlDr^ • • • D Vl D To }™ =0 
in non-increasing, we obtain (I6.17p . and similarly (I6.18p . □ 

Using equalities (16. 7p . (16. 8p . (I6.17p . and ( 16. 18j) we arrive at the next two corollaries. 

Corollary 6.8. 1) The following conditions are equivalent 
(i) the system t is observable, 
(ii) 

(6.20) 8 - lim {D To D Vl ...D Vn _ x Dl D Vn _ 1 ---D Tl D To ) = 0, 

n— i>oo 

2) The following conditions are equivalent 
(i) the system t is controllable, 
(ii) 

(6.21) s - hm ( Dr *D Tl ■ ■ ■ D K _Dl*D T ^ ■ ■ • D ri D r *) = 0. 

Corollary 6.9. Let A be a completely non-unitary contraction in the Hilbert space S), let 

V A (X) = {-A + \D A *(I - XA^Da) \® a , A G D 

6e t/ie Sz.-Nagy-Foias characteristic function of A [19], and /ei {7 n }n>o be the Schur param- 
eters of ^ a ■ 

1 ) The following conditions are equivalent 

(i) A is completely non-isometric, 



(m) K) sx =o. 

The following conditions are equivalent 
(i) A is completely non- co-isometric, 
(ii s - lim (£> 70 £> 71 ■ • ■ B> ln _ x D\ lp in ^ ■ ..D^D^) = 0, 

(in) (^.) =0. 
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Proof. The function ^ is the transfer function of the simple conservative system 
Now statements follow from Corollary 16.81 □ 



-A D A » 
D A A* 



Let us make a few remarks. If fi is a nontrivial scalar probability measure on the unit 
circle T = {£ e C : |£| = 1} ( \i is not supported on a finite set), then with \i are associated 
the monic polynomials $> n (z, /i) (or <3> n if \i is understood) orthogonal in the Hilbert space 
L 2 (T, dfj,), connected by the Szego recurrence relations 

(6.22) = - a n (/i)$;(z) 

with some complex numbers a n (/i), called the Verblunsky coefficients [17]. By definition 

n n 

$(2) = ^PjZ j = J^Pn-J^- 

j=0 j=0 

The norm of the polynomials $ n in L 2 (T, d/u,) can be computed by: 

Il$n|| 2 = n( 1 -I^(' u )| 2 )' n = l,2,.... 

3=0 

A result of Szego - Kolmogorov - Krein reads that 



/ 1 I \ 

J](l-|a,( /U )| 2 )=exp(— / \n^\t)dt\ 
j=o \ 71 Jo J 



where // is the Radon - Nikodym derivative of // with respect to Lebesgue measure dm. 
Define the Caratheodory function by 



F(z) = F(z^) := [ £±^(0- 



F is an analytic function in D which obeys KeF > 0, F(0) = 1. The Schur function is then 
defined by 

/(*) = Hz u) •= 1 " 1 F(.) = 1 + ZI{Z) 

so it is an analytic function in D with sup^ \f(z)\ < 1. A one-to-one correspondence can 
be easily set up between the three classes (probability measures, Caratheodory and Schur 
functions). Under this correspondence \i is trivial, that is, supported on a finite set, if and 
only if the associate Schur function is a finite Blaschke product. Let {j n (f)} be the Schur 
parameters of /. According to Geronimus theorem the equalities 7 n (/) = «„(/i) hold for all 
n > 0. 

If a Schur function / is not a finite Blaschke product, the connection between the non- 
tangential limit values f(() and its Schur parameters {7 n } is given by the formula (see 

EH) 



f[(l - l7n| 2 ) = exp ( / ln(l - \f(C)\ 2 )dm) 

n=0 > 
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Thus, (cf. |37J Theorem 1.5.7]): for any nontrivial probability measure /i on the unit 
circle, the following are equivalent: 



(i) lim ||$ n || = 0; 

la^/i)! 2 ) 



n— ¥oo 

oo 



0: 



(n) na 

j=0 

(iii) the system {<p n = $ n /||$ n ||}^L is the orthonormal basis in L 2 (T, d[i), 

(iv) ln/i' ^(T), 

(v) ln(l-|/(OI 2 )^^(T), 

(vi) a simple conservative system with transfer function / is controllable and observable. 

In the case, when / G S(9Jt, QTt) and the norms of all Schur parameters {T n } n > of / are 
less than 1, in [IH1 Corollary 4.8] is mentioned that 

S - { D ^l ■ ■ ■ D K-Dh D ^ ■ ■ ■ D r t D n ) = G;(0)G,(0), 

where is the spectral factor of the operator- valued measure fi from the integral represen- 
tation 

F(z)= [ p^-dtiC) 

of the function F(z) = (1 + zf(z))(l - zf(z))- 1 . 

Analogs of formulas (16. 2p and (16. 8p have been established by G. Popescu in [32] for a 
positive definite multi-Toeplitz kernel and corresponding generalized Schur parameters. 

6.3. Central solution to the Schur problem. Now we return to the Schur problem (see 
Subsection IX .4|) with data {Ck}^ =0 C L(DJl, 91). The necessary and sufficient condition of 
solvability is the contractiveness of the operator 



T 



N 



Co 





Co 











c, 



oJ 



Suppose that Tjy is a contraction and let 

r = c , r fc eL(Dr H ,%J, k = i,...,N 

be the choice sequence determined by the contractive operator T/y. Notice that equalities 
(16. ip and (16. 2p remain true. Moreover, it follows from (16. ip . (16. 2 p that the sequence of oper- 
ators {(-D^Jot \ DJi}^ =0 and {(-D- )<n\^}k=o are non- increasing. Below this fact we establish 
directly. 



Proposition 6.10. Let Co, C\, . . . , Cn G L(9Jt, 91) be the Schur sequence and let Tn be given 
by (II. 6p . Then for 



the inequalities 



Tk(Co, Ci, . . . , Ck), Tk 



( D T k )m \&l> [D Ti 



fc+i 



^fc(Co) CI, . . . , CI), k 

Wl, k = 0,...,N- 1 



0,1, 



N 



9.H 



m> d 2 ~ 



9i 



T, 



k+l/ <yi 



m, k = o, 



N-h 
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hold. 



Proof. It is sufficient to prove that (D% ) mt \Wl> (d 2 t ) \ Wl, for k = 0, . . . , N - 1. The 

* k ' JJl y k-\- 1 J gjj 

operator T k +i can be represented as follows 



T, 



fc+i 



~T k 

B k C 

where B k = \pk+\ Cfc+2 ■ ■ ■ Ci] . It follows that 



D: 



k+l 



D T k ~ B *k B k ~B* k C 



—C$Bk 



Hence, 



D^ k > D?p k — B* k B k — P m k+iD^ 



and from Propositions [5TI 



k + l 



k+l 



> [D 2 T 

sot V Tk+1 



■k+l 



Hence, 



( D TX<\™>{ D Tk+?)J m - 



□ 



Corollary 6.11. Under conditions of Proposition WTUi the equality 
for some k < N — 1 implies 

Corollary 6.12. Additionally to conditions of Proposition \6~ACh suppose that Wl and 9T are 
one- dimensional. Then the following conditions are equivalent: 

(i) deti^ = 0, 
W PU m = <>- 

Proof. (ii)=^(i). The equality (D^ N ) = is equivalent to 071 n ran Dj> N = {0}. It follows 
that ran (D^J) ^ M N+1 . Hence det D\ N = 0. 

Let us prove (i)=^(ii). Let m < N — 1 is such that det D\ m ^ and det D\ m+X = 0. The 
matrix T m+1 takes the form 



where 



T m +i — 



"Co 



Ci 



Cm+1 



Then 



Dn 



im+1 



i r^*r^ v* y v* t 



rp* V 



J- rr 
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As is well known 

det D 2 Tm+i = det D 2 Tm (1 - C*C - X* m X m - X* m T m D^T* m X m ) 
Since det Dt ^ and det D% , = 0, we get 

1 — O O — A m A m — JV m l m L) Tm l m JV m — U. 

But 

1 - CqC - X* m X m - X^T m D^T^X m = {D"?p m+1 ) m 
Thus (Dl m+i ) w = 0. From Corollary EHH we obtain (-0^)^ = 0. □ 

For a contraction S G L(i^ 1 ,i^ 2 ) define the Mobius transformation as follows 

M S (X) :=S + D S *X(I + S*X)- 1 D S , X g L(© 5 , £ s *), -1 e p(S*X). 

Suppose that both subspaces and £>r^ are non-trivial. Then all solutions to the Schur 
problem can be described as follows. Let W be an arbitrary function from S(25r iV , ^r* N ) ■ 
Then define for A G D 

Wi{\) = Mr N ^W(\)), W 2 (X) = Mr^i^iX)), 
W N+1 (X) = Mr (XW N (X)). 

Due to the Schur algorithm, the function 0(A) = Wn + i(X) is a solution to the Schur problem. 
We can write 6 as 

(6.23) 6(A) = Mr oM ri o---oMr N (XW). 

If G = W(0) G L(D Tn , 5)r*.), G ± G L(2) Go , T) G *), ... are the Schur parameters of W, then 

To, Ti, . . . , r^r, G , Gi, . . . 

are the Schur parameters of 6. This procedure, using the Redhefer product, leads to the 
representation of all solutions by means of fractional-linear transformation of W |19] E3| • We 
note also that all solutions to the Schur problem can be represented as transfer functions of 
simple conservative systems having block-operator CMV matrices [10] constructed by means 
of the choice sequence T , Ti, . . . , T^, Go, Gi, .... 
Apart from Tjv we will consider the operator 





res 








. " 




C{ 







. 


T N = 










U N-1 


u ff-2 • 


• Co- 



Now we describe one step lifting of the Toeplitz matrix by means of Krem shorted operators 
Proposition 6.13. The Krein shorted operators {Dt^^ and (D~ J are of the forms 



(6.24) (D 2 TN ) m \Wl = I-C*C - 
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(6.25) 







rr 1 * "i 

N 


\ 


* 


r/~<* -i 

N 


m = i - c c* - | 


D- 1 

J-N-l 






D T l 

J-N-l 


ci_ 



Here and are the Moore-Penrose pseudo-inverses. 

J-N-l J-N-l r 

Proof. For T/v we have block-matrix representation 

T N 



C 
Bn T n _i 



© -»■ © 



where .B 



A? 



'cy 



It follows that 



A 



1 — ^k^k J-*N N—l 

k=0 



Due to (15.21) one has 
Since 



A" 



fc=0 



A J 



and 



liW^J-T^^T^!)- 1 ^^^/,^^^/) = 1 1 (D T l T* N _ x B N )f\\ 2 , feTt, 



((xl - T^^Tpf^x) 1 T^_ 1 5 A r/, Th^Buf) 

= -\\B N f\\ 2 + x\\{xI-T* N _ l T N ^)- 1 l 2 B N f\\\ 



we obtain fl6\24l) . 

The operator can be represented as follows 



T, 



N 



Tm-i B 

cx 



N 



or 



N 



N 



© -+ © 



where B 



A 



A 



. Recall that 
Wl N := {0}© {0} 



{0}©9JT, DIat := {0}©{0} 



{0}©9t 



A 



A 



Then 



T> 



D Tf — T/v- 1 -Bat 

AT— 1 

75* r \ ' s-1 fi* 

n N I N-l 1 ~ 2^ fc fc 
fc=0 
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As above we obtain 



Dn 



0t» 



OTat — I — CqCq 



Dry} BfJ ) Drp 1 B M . 

J-N-l JV / J-N-l iv 



-1 



Therefore fRT25]) follows from (JO]) and fl6T6|) . 



□ 



Theorem 6.14. Le£ the data Co, C\, . . . , Cn G L(9Jt, 91) 6e t/je Schur sequence. Then the 
formula 

(6-26) c N+1 = c N+l + ((/^ \m) 1/2 Y ((D* N ) m \m) 

where 



,V2 



(6.27) 



C 



N+l 



DrT, 1 

-(JV-1 



N 

si* 



T D 1 

-t N — l^T* 



/ 



Ci 

c 2 



c 



A". 



and Y is an arbitrary contraction from L ^ran ((-Df^ajt) ,ran ^(-D- )c 

Schur sequences {Co, . . . , Cn, Cn+i} 

Proof. Represent the matrix 

Co 
C\ Co 



describes all 



-N+l 













Cn Cn-i Cjv-2 
Pn+i Cn Cn-i 



N+2 cyyN+2\ 



in the form 



with 



Tn+i 



B D 

A C 



.. Co 
• • C\ Co. 



m m N+1 
© -> © 





rc ] 




' 








. 


0" 


B = 


Ci 


, £> = 


Co 








. 







.Civ. 




_Cat_i 


Cn-2 




• Co 


0. 



A — [Cjv+i] , C — [Cat Cat„! . . . C ] . 



On the other hand 



D 





T N -i 



© ->• © 

QJl 91^ 



The operator D is a contraction and 

D D 



D Tn , 



JV-l 

7 



/ 

D T . 

iV-l. 

From Theorem 12.11 it follows that Tn+i is a contraction if and only if A is of the form (see 
Section [2]) 

A = -VD*U + D V ,YD V , 
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where C = VD D , B = D D .U,Y E L(D C/ , Sy»), < 1. Thus, 

A = -(D D 1 C*)*D*D D lB + D v *YDu. 



We have 



Then 



(6.28) 



V* = D D l C* 



Dn 



Ct 



c 



N 
N-l 



c* 



U = D^lB 



1 N-l 



( 



Dfj = I- C*C 





\ 


* 




c 2 




Dz} 

1 N-l 


c 2 


Cn. 


) 




Cn. 







( 


r r 1 * - 

N 


\ 


* 


r r 1 * ~\ 

N 


(6.29) 


Dy, — I — CqCq — 


D- 1 

1 N-l 






D- 1 

1 N-l 


/nf* 






\ 




/ 







and 



-VD*U 



D- 1 

J-N-l 



VL 

/ 



. C'i* . 



D^ 1 

1 N-l 



Co 
■ C 

c 



D* 



Cn 



C x 

c 2 



c 



N. 



\ 

From fSIID and (1Q5) we get (!Q7j) . 



A" 



Af-1 



J N-X^TT, 



1 

* 

iV-1 



Ci 

c 2 



c 



JV. 



□ 



Remark 6.15. For finite dimensional OJt and 9t formulas (16.271) . (I6.28p . and (16.291) can be 
found in [311 . 



Define consequentially the operators CV+i, Cat+2, . . . by means of (16.27P using T/v, T/v+i, 
.... The solution 

iV oo 
O (A) = ]T \ k C k + ]T A^CW+n 
fc=0 n=l 

of the Schur problem with data {Ck}^ =0 is called the central solution [3T] . 

Theorem 6.16. Let i/ie date Co, C'i, . . . , Cjv € L(93T, 9T) 6e t/ie Schur sequence. Then the 
following statements are equivalent: 

(i) O is the central solution to the Schur problem, 
W { D h)m^=( D TN)<m^> 
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('«) K)j"=K)j» l - 



oo 

Proof. Let 9 be a solution to the Schur problem, 0(A) = Yl ^ k Ck- Then CV+i is given 

fc=0 

by ( I6.26P with some contraction Y. For corresponding Toeplitz operators T N+ i, T N+ i from 
Proposition 16.101 we obtain 

K + ,) ot =(( D i)J 1/2D H(^)j 1/2 -p-. 
KX=(K)J 1% -(K)J 1/2p - 

Since F = corresponds to CV+i, we get 

(d% ) \m= (D 2 ) m \m. 

V t n+iJ m 1 v 1 nJ<M 1 

Similarly 
By induction 

(6.30) (d% ) \m = (D 2 TN ) m \m, (d\ ) \m=(D 2 ~) \m 

for each n > 1. Hence, if = 0o is the central solution, then (I6.30p and (16. lip imply 

D 2 t ) \m=(D 2 f ) \ti,(di) \m=(D 2 f ) \m. 

Similarly (iii)=^ (i) and (ii)=>- (i). □ 

Thus, for the lower triangular Toeplitz matrix Te , corresponding to ©o, we obtain the 
following statement. 

Theorem 6.17. Let the data Co, C\, . . . , G L(9Jt, 91) be the Schur sequence. Then the 
central solution @o G S(9Jt, 91) is a unique among other solutions 0, satisfying 



931 . © 

D% ) r9I = max<! f D% ) ton. 



T e /9"t e IV T &/<n 

Note that the solution 0o is often called maximal entropy solution [33]. If the choice 
sequence of T/v are r = Co, T\, . . . , IV, then from (16.1 ft and Theorem 16.161 

(^oL = = jDr ° jDri ' ' ' D ^ D "n D ^ ■ ■ ■ D ?.Dr P^ 

(d% ) =(d 2 ~) = D r *D T * ••■D r * DLD r * ■ ■ ■ D^D^P^. 

From ( I6.30p and ( 16. ip it follows that the Schur parameters of ©o are operators 

r , r-i, . . . , v N , o e L(£ rjv , © r . ), o e L(D rjv , s> r . ), .... 
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The function 9 is also given by (1Q3]1 with W(X) = 0, A G D. Let {6 n G S(2) r „_ 1 S r ;_ 1 )}n>o 
be functions associated with 60 in accordance with Schur algorithm. Then Qn+i = @tv+2 = 
••■=0GS(3r N ,%). Let 

"D C 
B A 

be a simple conservative realization of the central solution Bo- Clearly, D = C$ = T . Then 
by Theorem 14.21 the simple conservative systems 

D r } ■■■D v }(CA N+1 - k 



'N+l 



N '0 

A k (D-i ■ ■ ■ D" 1 (B* \ W,o)) A N+l _ Kk 
fe = 0,l,...,JV + l 

realize the function Ojv +1 = 0. Hence, the unitarily equivalent contractions {^jv+i-fc^}^ 1 
are orthogonal sums of unilateral shifts and co-shifts of multiplicities dimS)^ and dimS)r^, 
correspondingly [9]. 

6.4. Uniqueness solution to the Schur problem. Here we are interested in the case of 

uniqueness of the solution to the Schur problem. The following statement takes place. 

Theorem 6.18. Let the data Co, C\, . . . , Cjy G L(5DT, 9T) be the Schur sequence. Then the 
following statements are equivalent 

(i) the Schur problem has a unique solution; 

(ii) either (D 2 TN ) m = or (D^ = 0; 

(iii) either Wl n ran£> Tjv = {0} or 0? n ran£> f = {0}. 

Proof. We give two proves of the theorem. 

The first proof. The equivalence of (ii) and (iii) follows from (11.91) . Let the Schur problem 

has a unique solution 6(A) = Yl ^ k Ck + Yl ^ N+n ^N+n- Because {C , . . . , Cat, Cv+i} is 

fc=0 n=l 

the Schur sequence, from (16.261) it follows that Cv+i = Cat and either {Dj.S)m = or 
(D% )fjj = 0. So, (i) implies (ii). In particular, ewe get that = Go- 

J-N 

If (ii) holds true, then again from ( 16.261) we get that 0o is a unique solution of the Schur 
problem. 

The second proof. The matrix T/v defines a sequence of contractions (the choice sequence) 

T (= C ), r\ G L(S ro , £r*), • • • , T N G L(D rjv _ i; D^J. 

Suppose that the Schur problem has a unique solution. Then by Theorem 11.41 one of T's 
is an isometry or co-isometry. Assume T p is isometry, where p < N. From Theorem 16.11 it 
follows that (-Df^)f0t = 0. Corollary 16.111 yields the equality (-Df^sm = 0. If we assume that 
T* is isometry, then similarly we get (_D~ )<n = 0. 

Now suppose (Dl N ) m = 0. Let p < N is such that (D^ p ) m = 0, but py )a>t 7^ 0. Note 
that in this case £>r p _i 7^ {0}, T p is isometry, 

£r p = ©r p+1 = • • • = Dr^ = {0}, T p+1 = • • • = V N = 0. 
It follows that the solution to the Schur problem is unique and is of the form 

6(A) = M Vo oM Vl o...o AVi(ATp), A g D. 
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Similarly, the equality (D~ )<n = implies the uniqueness. Thus (i) •<=>■ (ii). □ 

Observe that {D 2 ~ ) m = W* = (see (IS^I ). 

Remark 6.19. V.M. Adamyan, D.Z. Arov, and M.G. Krem in [TJ considered the following 
generalized Nehari- Caratheodory-Fejer problem: given a sequence of complex numbers 
{7fc}i°5 fi n d a function / G L 0O (T) with principal part YlT=i^kC~ k and with minimal L^- 
norm. By Hehari's theorem (10] this problem has a solution if and only if the Hankel matrix 
T = ||7 3 - + j(._i|| is bounded in l 2 . A criteria of the uniqueness solution is established in the 
form [Tj Theorem 2.1] 

(6.31) lim ((p 2 I - rT) _1 e, e) = oo, 

pi\\ r \\ 

for the vector e — (1, 0, 0, . . .) G l 2 . Because 

hm ((B—xI) q,q) = < " j n1/ , 

for an arbitrary nonnegative selfadjoint operator B (B~ l l 2 is the Moore-Penrose pseudo- 
inverse), equality f)6.3ip means that 

e ^ ran (s 2 / - TT) , 

where s = 1 1 Y \ \ . Then by (jl.9p one has that f)6.3ip is equivalent to the equality 

(s 2 i-rr) E = o, 

where E = {Xe, A G C}. The results of [1] have been extended to the case of operator- 
valued functions in the paper [2] (see also [H]). The corresponding uniqueness criteria [21 
Theorem 1.3] also takes the limit form similar to the scalar case. As has been mentioned 
in Introduction the Schur problem can be reduced to the above problem and the matrix 
s 2 I — T*r can be reduced to the square of the defect operator for a lower triangular Toeplitz 
matrix. 
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